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Hybrid Reconstruction of Subsurface 3-D Objects
Using FRTM and VBIM Enhanced

by Monte Carlo Method
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Abstract— A hybrid method is proposed to reconstruct
the subsurface 3-D objects with electromagnetic fields. The
frequency-domain reverse time migration (FRTM) is first used
to determine the approximate locations and sizes of the objects.
Then, based on these results, the full-wave inversion, the vari-
ational Born iteration method (VBIM) is used to reconstruct
both the shapes and dielectric parameters of the objects. The
Monte Carlo method (MCM) is adopted to further refine the
reconstructed shapes. Numerical simulations show that the pro-
posed hybrid method can be effectively used for the subsurface
imaging and detection.

Index Terms— Frequency-domain reverse time migration
(FRTM), Monte Carlo method (MCM), subsurface imaging,
variational Born iteration method (VBIM).

I. INTRODUCTION

GROUND penetrating radar (GPR) has wide applications
in subsurface imaging and detection such as pavement

crack detection [1], buried pipe inspection [2], and landmine
detection [3]. One of the commonly used methods for recon-
structing the subsurface image is the reverse time migration
(RTM), which has the advantage of high accuracy [4]. The tra-
ditional time-domain RTM (TRTM) is performed by the finite-
difference time-domain (FDTD) method [5] or finite-element
method [6], which can account for complex background
velocity models. However, TRTM by FDTD requires high
computational costs when there are a large number of source
and receiver locations. The frequency-domain RTM (FRTM)
proposed recently [7] can overcome this shortcoming when the
background medium is horizontally layered since the dyadic
Green’s functions (DGFs) for the layered background medium
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are computed in advance. The forward and backward extrapo-
lations for all the measurement shots are carried out simultane-
ously in the frequency domain. Unfortunately, both the TRTM
and FRTM can only determine the approximate locations and
geometry shapes of the subsurface objects. They are incapable
of retrieving the dielectric parameters of the objects.

Full-wave inversion (FWI) can be used to retrieve all the
model parameters of subsurface objects such as locations,
shapes [8], and dielectric constants [9]. For example, in [10],
Born approximation (BA) is used to retrieve both the shape and
permittivity of a subsurface object. However, when the elec-
tromagnetic (EM) scattering is strong, e.g., the contrast of the
object with respect to the background medium is high, or when
the EM multiple scattering between two objects becomes large,
BA results in large errors. A rigorous iterative method is
required to obtain the model parameters of the subsurface
object. Most popular deterministic iterative methods include
contrast source inversion (CSI) [11], subspace optimization
method (SOM) [12], and Born iteration method (BIM) [13].
CSI and SOM depend on initial solutions of the unknown
model parameters of the objects. Variational BIM (VBIM) [14]
is used in this letter to perform the FWI.

When the approximate locations of the subsurface objects
are unknown, VBIM requires a large inversion domain to
enclose the unknown objects. The computational cost is high
for iterative FWI when the computation domain is large.
In the previous works, the linear sampling method (LSM) [15]
and the iterative multiscaling approach (IMSA) [16] are used
to downsize the inversion domain before performing FWI.
However, LSM usually requires the omnidirectional far-field
scattered field pattern, and IMSA contains two nested iterative
loops. In this letter, the low-cost FRTM is used to determine
the approximate locations and shapes of the objects. Then,
VBIM is only performed in the localized inversion domain
to reconstruct the model parameters of the objects. The
Monte Carlo method (MCM) is applied to the VBIM outputs
in each iteration to further compress the inversion domain and
refine the reconstructed shapes.

This letter is organized as follows. In Section II, we briefly
introduce the procedures of FRTM, VBIM, and MCM, as well
as their hybridization algorithm. In Section III, a typical
subsurface detection model including two irregular objects is
presented to validate the hybrid method. Finally, conclusions
are drawn in Section IV.
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Fig. 1. Flowchart of the threefold hybridization of FRTM, VBIM, and MCM.
The preC and preT are prescribed thresholds for the scattered field data misfit
in VBIM and MCM, respectively.

II. METHODS

A. FRTM Imaging

When the background medium is horizontally layered,
FRTM has the intrinsic advantage of fast imaging of subsur-
face objects. The detailed procedure of FRTM was presented
in [7]. The main idea is to sum up all the wavefield data for
all sampling frequencies. The image condition can be written
as follows:

I (r) = 1

2π

∫ +∞

−∞
Ur (r, ω)Us(r, ω)e jωT dw (1)

where Us(r, ω) and Ur (r, ω) are the Fourier spectra of the
source wavefield and receiver wavefield, respectively. r is the
spatial sampling position in the imaging domain, T is the time
window of the recorded GPR traces, and ω is the angular
frequency. Us(r, ω) and Ur (r, ω) are obtained by multiplying
DGFs with the spectra of the source wavelet and receiver
signals [17], respectively

Us(r, ω) = G(r, rs , ω) · S(rs , ω) (2)

Ur (r, ω) = G(r, rr , ω) · R∗(rr , ω)e− jωT (3)

where G is the DGF. S(rs , ω) and R(rr , ω) are the spectra
of the source waveforms illuminated at rs and the recorded
signals sampled at rr , respectively.

B. VBIM

The VBIM is used to retrieve the dielectric parameters of
the subsurface objects by solving the data equation

Escat(rr , rs) = jωεb

∫
D

GEJ(rr , r′) · χ(r′)Etot(r′, rs)dr′ (4)

where

χ = ε − εb

εb
(5)

is the contrast of the subsurface object with respect to the
background medium. The Etot in (4) is updated by the for-
ward solver, the stabilized biconjugate gradient fast Fourier
transform (BCGS-FFT), via solving the state equation

Einc(r) = Etot(r) − jωεb

∫
D

GEJ(r, r′) · χ(r′)Etot(r′, rs)dr′.

(6)

Fig. 2. 3-D GPR subsurface detection for a convex air box and a concave
object. The CO antennas move 20 cm above the ground surface.

When the nonlinear iterative FWI is performed, Etot and χ are
updated alternately until the mismatch between the calculated
scattered field and measured scattered field reaches a stop
criterion.

C. Monte Carlo Algorithm

The MCM obtains the statistical values of physical observ-
ables by sampling a large number of configurations. In this
letter, we use it to gradually compress the inversion domain
in VBIM. Assume the whole inversion domain is divided into
I discretized cells. Because solving an inverse problem is
to infer the model parameter distribution over the inversion
space [18] and the data (4) partially restricts the solution
of χ , the model parameter distribution in all discretized cells
acquired by VBIM is pseudorandom. The ground truth is
that each cell only has two states, the “background” or the
“scatterer.” The probability of the “scatterer” of the i th cell
can be defined as follows:

Pn
i =

∣∣εn
i − εb

∣∣
max

1�i�I

(∣∣εn
i − εb

∣∣) (7)

where εn
i is the model parameter in the i th cell given by

VBIM in the nth iteration. A larger Pn
i indicates that the

i th cell is more like a “scatterer” cell in the nth iteration.
Therefore, we can set a threshold to classify all the discretized
cells in the whole inversion domain. Those cells with smaller
Pn

i will be treated as “background” cells and removed in
the (n + 1)th VBIM iteration since “background” cells have
no contribution to the scattered fields at the receiver array.
Therefore, the remaining cells cluster together to form the
new inversion domain. As a result, the computation domain of
VBIM is gradually compressed in the iterations. In this letter,
the threshold is set as 15% empirically, which can guarantee
that the “background” cells are effectively but stably removed.
But one should keep in mind that the threshold must be
reduced correspondingly for the scatterers with low contrasts
or step-like inhomogeneous permittivity distribution to avoid
the incorrect removal of “scatterer” cells.

D. Threefold Hybridization

When the subsurface detection is carried out, FRTM is first
used to locate the approximate locations of the buried objects.
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Fig. 3. FRTM imaging results. (a) 2-D front view of the imaging result at y = 0 m. (b) 2-D side view of the imaging result at x = 1.1 m. (c) Two yz slices
of the imaging result at x = 0.9 m and x = 1.1 m, respectively. (d) Two xz slices of the imaging result at y = −0.1 m and y = 0.1 m, respectively. The
scattered field data used for RTM are contaminated by 30 dB noise. The dotted boxes illustrate the FWI domain.

Then, we choose a localized inversion domain enclosing the
objects and perform VBIM. In each iteration, MCM helps
to remove the “background” cells and further reduce the
inversion domain. As a result, the locations, shapes, and
the dielectric parameters of the subsurface objects can be
reconstructed efficiently and precisely. The flowchart of this
threefold hybridization process is shown in Fig. 1.

III. NUMERICAL RESULTS

In this section, we design a numerical model of subsurface
detection by GPR to demonstrate the accuracy and effective-
ness of the proposed hybrid method. As shown in Fig. 2, two
isolated objects are buried in the subsurface. The background
medium has a relative dielectric constant εr = 2.0 and a
conductivity σ = 1 mS/m. The convex object with the relative
permittivity εs1 = 1.0 is formed by adding a small cube
with a size of 0.06 m × 0.10 m × 0.06 m to a rectangular
shape with the dimensions of 0.18 m × 0.10 m × 0.06 m.
The concave object has the relative permittivity εs2 = 3.0,
which is formed by cutting a small cube with a size of
0.06 m × 0.10 m × 0.06 m out of a rectangular shape with
the dimensions of 0.18 m × 0.10 m × 0.12 m. The centers of
the convex object and concave object are (0.84, 0, 0.21) and
(1.16, 0, 0.25) m, respectively. Two objects are 0.14 m apart.
The GPR data are simulated for a pair of dipole antennas with
a common offset (CO) of 10 cm and placed 20 cm above
the ground. Both the transmitting and receiving antennas are
linearly polarized in the ŷ-direction. The source wavelet is
the Blackman–Harris window (BHW) function with a center
frequency 2.0 GHz. Each 2-D CO GPR profile in the xz plane
contains 201 traces with a step of 1 cm beginning at x = 0 cm.
Totally, there are ten xz plane profiles from y = −10 to +8 cm
with a step of 2 cm. All the simulations are performed by
the commercial FDTD simulation software Wavenology EM.
In order to simulate the real-world GPR measurements, we add
30-dB white Gaussian noise to the simulated field data. Here,
the noise level is defined according to the signal-to-noise
ratio (SNR) of power. Both the FRTM and VBIM with and
without MCM are implemented parallelly on a workstation
with 20-cores Xeon E2650 v3 2.3 G CPU, 512-GB RAM.

Fig. 3 shows the 2-D slices and 3-D profiles from FRTM
results. Because the FRTM is based on layered medium DGFs,
we only calculated the DGFs for the subsurface region and

obtained the corresponding 3-D images. The total imple-
mentation time of FRTM is 1 h and 43 min. As shown in
Fig. 3(a), two objects are clearly imaged. The positions of
their top surfaces are consistent with the true positions shown
in Fig. 2. Fig. 3(b) shows the yz slice of the concave object
at x = 1.1 m. In order to display the 3-D results obtained by
FRTM, we show two parallel yz slices at x = 0.9 m and x =
1.1 m in Fig. 3(c) and two parallel xz slices at y = −0.1 m
and y = 0.1 m in Fig. 3(d), respectively. Because the aperture
of the array of data measurement points in the x-direction is
much larger than that in the y-direction, the focusing effect in
the xz plane is better than that in the yz plane. We can see
that FRTM only gives the approximate locations and sizes of
two scatterers. The precise shapes and dielectric parameters
are not available. Therefore, we choose the 3-D rectangular
region with 0.7 m � x � 1.3 m, −0.1 m � y � 0.1 m,
and 0.1 m � z � 0.4 m as the computation domain to
perform FWI.

In the inversion, we reconstruct the relative permittivity
profiles of two objects by VBIM with and without MCM,
respectively. The measured scattered field data are the same
as those used for FRTM. However, in order to save the
computational cost, we reduce the data sampling points used
in the FWI. Right above the inversion domain, the data
sampling points remain the same as those in FRTM, i.e., the
spatial sampling interval is 1 cm in the x-direction and 2 cm
in the y-direction. However, in two sides of the inversion
domain, in the x-direction, the sampling interval is increased
to 15 cm. Therefore, there are totally 610 sets of Ey data
used for inversion. The inversion domain D enclosing two
objects has the dimensions of 0.6 m × 0.2 m × 0.3 m and
is divided into 36 000 cubic cells. Each cell has the size of
�x = �y = �z = 0.01 m. Hence, there are totally 36 000
unknowns. After 17 iterations, both the VBIM with and with-
out MCM stop. The VBIM-MCM only takes 2 h and 8 min
while the computation time of VBIM without MCM is
around 3 h.

The 2-D xz slices of reconstructed permittivity values
of the two objects by VBIM-MCM and VBIM are shown
in Figs. 4 and 5, respectively. We can see that both the
shapes and model parameters of the two objects are well
reconstructed. VBIM-MCM obviously outperforms VBIM.
We made two observations.
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Fig. 4. FWI results by VBIM-MCM. (a) 2-D slice at y = 0 m. (b) 2-D slice
for the convex object at x = 0.9 m. (c) 2-D slice for the concave object at
x = 1.1 m. Scattered field data used for FWI are contaminated by 30 dB
noise. Dotted boxes denote the true locations of the subsurface objects.

Fig. 5. FWI results by VBIM without MCM. (a) 2-D slice at y = 0 m.
(b) 2-D slice for the convex object at x = 0.9 m. (c) 2-D slice for the concave
object at x = 1.1 m. Scattered field data used for FWI are contaminated
by 30 dB noise. Dotted boxes denote the true locations of the subsurface
objects.

1) The shapes of the convex and concave objects are better
reconstructed by VBIM-MCM compared with VBIM
without MCM. The spatial distribution of the model
parameters of two objects by VBIM without MCM
tends to spread out. As a result, the edges and corners
are blurred. On the contrary, the boundary contrasts
of the two reconstructed objects with respect to the
background medium are obviously shown in the results
by VBIM-MCM.

2) The permittivity values of two objects reconstructed by
VBIM-MCM are closer to the true values compared
with those retrieved by VBIM without MCM. This is
as we expect. Because the MCM further compresses

Fig. 6. 3-D iso-surfaces of relative permittivity values. (a) and (b) VBIM-
MCM results. (c) and (d) VBIM results without MCM. In (a) and (c), the iso
value is 1.6 and in (b) and (d), the iso value is 2.4.

Fig. 7. Converging processes of VBIM with and without MCM. (a) Variations
of data misfits of the scattered fields in different iteration steps. (b) Ratio of
the number of remaining unknowns in different iteration steps to the total
number of unknowns in the first step.

the inversion domain in each VBIM iteration and, thus,
reduces the number of unknowns gradually in the dis-
cretized data equation, the reconstructed model parame-
ters become more precise since the underdetermination
of the data equation is mitigated.

Fig. 6 shows the 3-D iso-surfaces of the reconstructed
convex object and concave object by VBIM-MCM and VBIM.
We can see that the edges and corners of the two objects are
better reconstructed by VBIM-MCM. VBIM without MCM
only gives the general shapes of the scatterers. Fig. 7(a) shows
the variations of data misfits of the scattered fields versus
iterations. The definitions of data misfit and model misfit
are given in [19, eqs. (17) and (16)]. We can see that the
convergence curve of VBIM is smoother than that of the
VBIM-MCM. Because MCM mandatorily changes the dis-
cretized data (4) by removing redundant “background” cells,
the convergence progress of VBIM interferes. As a result,
local peaks and valleys show up in the convergence curve of
VBIM-MCM. Fig. 7(b) shows the variations of the remaining
cells in the computation domain in each iteration step. The
number of unknowns decreases quickly in the first six steps for
VBIM-MCM. After this, it changes slowly. Most “back-
ground” cells have been removed, and only a small number of
cells will be removed in the following steps. By contrast, the
cell number keeps unchanged in VBIM. Because the inversion
domain is compressed by MCM, the number of unknowns is
decreased. Thus, the results of VBIM-MCM are more precise.
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Fig. 8. Variations of model misfits versus noise levels and a priori
information of the background relative permittivity.

Fig. 8 shows how the noise levels and a priori information
of the background relative permittivity affect the reconstruc-
tion accuracy of VBIM-MCM. Obviously, the model misfit
is the minimum when the background relative permittivity
used in the FWI is the same as the true parameter 2.0. The
a priori information of the background medium influences
the reconstruction accuracy more significantly compared with
the noise level.

IV. CONCLUSION

In this letter, we combine the FRTM imaging algorithm and
the FWI algorithm VBIM to reconstruct the specific locations,
shapes, and relative permittivities of subsurface objects. The
FRTM first gives the approximate locations and sizes of the
buried objects. Then, the FWI domain is framed inside a
rectangular box enclosing the 3-D images of the subsurface
objects. This manipulation greatly reduces the computation
domain of the VBIM. We then perform VBIM to reconstruct
the shapes and dielectric parameters of the subsurface objects
enclosed inside the compressed inversion domain. Numerical
results show that the MCM can further reduce the inversion
domain in each VBIM iteration step. As a result, not only
the shapes of the subsurface objects but also their dielectric
parameters are better reconstructed by VBIM-MCM compared
with VBIM without MCM.

Although this is the first attempt to combine the migration
imaging and the rigorous FWI as well as the statistical
method to reconstruct the model parameters of subsurface
objects, the enhanced computation efficiency and improved
reconstructed results show that the proposed hybrid method
is reliable and feasible for subsurface imaging and detection.
The future work will consider more practical engineering
applications for subsurface detection. For example, when the
underground moisture is taken into account, not only the loss
compensation [20] must be included in the FRTM implemen-
tation but also the structural consistency is required in MCM
for the reconstructed model parameters of permittivity and
conductivity. In addition, when the radiation pattern of the
antenna takes effect, the DGFs used in this letter are not valid
since they are evaluated for infinitesimal point sources. The
most straightforward method to resolve this issue is replacing
the broadband GPR antenna with several point currents that

can generate almost the same radiation pattern of the true
antenna [21]. However, this will be left as the future work.
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